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C : y2 = x5 + ax3 + bx2 + cx + d

DR := DP + DQ
DP ∈ JC ↔ (P1) ⊕ (P2)

DQ ∈ JC ↔ (Q1) ⊕ (Q2)
DR ∈ JC ↔ (R1) ⊕ (R2) (addition on the Jacobian , 

NOT on the curve itself!!)
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(that is,  is separable)

deg φ = |ker φ |

φ

2
An -isogeny is an 
isogeny of degree . 

ℓ
ℓ

ker ℓ ≅ ℤ/ℓℤ
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An -isogeny is  

an isogeny  
s.t. 

(ℓ, ℓ)
Φ : J → J′￼

ker Φ ≅ ℤ/ℓℤ × ℤ/ℓℤ

2 .. but this kernel must 
also be isotropic: 

 for eℓ(P, Q) = 1
P, Q ∈ ker Φ

3
A 2-dimensional 

Jacobian has  
 

-isogenies
ℓ3 + ℓ2 + ℓ + 1
(ℓ, ℓ)
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OUR ANSWER 

1. Fix “bad cycles” using level structure

2. Analysis of action of automorphisms

A
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we get an -isogeny. (ℓ2, ℓ2)

ker Φ = ℤ/ℓ2ℤ × ℤ/ℓ2ℤ

3
Composition is scalar  
multiplication  on  [ℓ] J

ker[ℓ] = J[ℓ] ≅ (ℤ/ℓℤ)4

Isogeny composition in dimension 2 is hard!

2
BAD EXTENSION 

Kernels do “overlap”, 
composition is not  (ℓ2, ℓ2)

ker Φ = ℤ/ℓ2ℤ × (ℤ/ℓℤ)2



PART 2 
CYCLES

ℓ = 2, p = 59

Fix graph: yeet bad cycles using level structure

ℓ = 2

J

A1

A2 A3
A4 A5

A6

A7

A8

A9
A10

A11
A12

A13

A14
A

Φ



PART 2 
CYCLES

ℓ = 2, p = 59

Fix graph: yeet bad cycles using level structure

ℓ = 2
!

Given , out of the 15 -isogenies 
only 8 are good extensions

Φ : A → J (2,2)

J

A1

A2 A3
A4 A5

A6

A7

A8

A9
A10

A11
A12

A13

A14
A

Φ



PART 2 
CYCLES

ℓ = 2, p = 59

Fix graph: yeet bad cycles using level structure

ℓ = 2
!

Given , out of the 15 -isogenies 
only 8 are good extensions

Φ : A → J (2,2)

J

A1

A2 A3
A4 A5

A6

A7

A8

A9
A10

A11
A12

A13

A14
A

Φ

make nodes level structure 
  where  represents 

 by 
(J, G) G
Φ : A → J G = ker Φ̂

1



PART 2 
CYCLES

ℓ = 2, p = 59

Fix graph: yeet bad cycles using level structure
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Given , out of the 15 -isogenies 
only 8 are good extensions

Φ : A → J (2,2)

J

A1

A2 A3
A4 A5

A6

A7

A8

A9
A10

A11
A12

A13

A14
A

Φ

make nodes level structure 
  where  represents 

 by 
(J, G) G
Φ : A → J G = ker Φ̂ make edges good by  

only accepting  
with 

Φ′￼ : J → J′￼

ker Φ′￼∩ G = {0J}

1

2
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AUTOMORPHISM 

Degree-1 isogeny  
(isomorphism to itself)

α : E → E

E0 : y2 = x3 + 1
ω : (x, y) ↦ (ωx, y), ω3 = 1

!
 ruins edges: 

induces isomorphism on 
kernels of 2-isogenies,  

ω

ker φ1 ≅ ker φ2 ≅ ker φ3

!
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just 

ignore!

✓
out of approx.  curves in graph,


only 2 have non-trivial autom.
p essentially 

no impact!

✓

out of approx.  nodes in graph,

at least  have non-triv. autom. 

p3

p2
careful 

analysis!

✓
significant 

impact!

✘
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1
5 (ℓ3 + ℓ2 + ℓ + 17) if ℓ ≡ 1 mod 5
1
5 (ℓ3 + ℓ2 + ℓ + 1) if ℓ ≡ 4 mod 5

Example: the Jacobian with RA(J) = ℤ/5ℤ

C : y2 = x5 − 1

ζ(5) : (x, y) ↦ (ζx, y)

Q
How does the induced automorphism 

  
act on level structures ? 

(  max isotropic)

ζ(5)
∗ : JC → JC

(JC, G)
G ⊂ J[ℓ]

ζ 0 0 0
0 ζ2 0 0
0 0 ζ4 0
0 0 0 ζ3

0 0 −1 0
0 0 0 −1
1 0 ζ + ζ4 0
0 1 0 ζ2 + ζ3

ζ ∈ μ5

ℓ ≡ 1 mod 5 ℓ ≡ 4 mod 5
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Graph is much larger, 
harder to compute!

!

Eigenvalues are 
very strange…
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